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CASIFICATION CF A CONDENSE

D MATERIAL IN A HOT GAS
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_Abstract

A theoretical analysis is presenteod
for the pasificatio cess of a2 condensed
material suddeniy to a hot stag-
nant gas.

When the gasi g
by aun Arrhenius f e 1p
ture rises to the non-ga t Jur
value upon contact with t gases
convective effect due to surface regres-
sion and gasificaticn flow, plus the ener-
2y abscrbed by the gasifi icn causes the

surface temperature to decrease with time.
An analytical description of the surface
?

temperature and concentration history is

presented, together with closed form ex-
pressions fer the temperature and concen-
tration profiles for small and large times.

A closed form arnalytical description
is az2lso given for the gasification process
under surface equilibrium "Clasius Clapey-
ron" conditions. In this case the surface
temperature remains at a constant jump val
ue, and the temperature and concentration
profiles have a similarity form.

B Pre-exponential factor

(- Specific heat at constant pressure

I)P Binary diffusion coefficient

E” Activation energy

L Heat of gasification at the jump tem-~

perature

Le Lewis number

r Ratio of specific heats cg/c

T Temperature

& Time

v Surface regression rate

X Space cocrdinate in the coendensed
phase

¥ Mass fraction

y Reduced mass fraction defined in
Eq.(24)

a Dimensionless inverse heat of gasifi-
cation C(‘go'Ti)/L

g Dimensionless activation energy de-
fined in Eq.(26)

r Ratio of thermal responsivities
Y(pre) /(pic)

Dimensionless parameter a(r+Tl)

n Similarity variable £/2vx

0 Dimensionless temperature
(T-T4)/(T,,-T})

A Thermal conductivity

£ Dimensionless space coordinate de-
fined in Fq.(12)

Yensity

Reduced time Bg21/12

Qo
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T Dimensionless time defined in Fq.(13)
X Reduced temperature defined in %qg.
(23) h
P Mass coordinate f p_dx
o8

Subscripts
B Fuel

Gas

Oxidizer

Surface

Initial valuc
Jump value.
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5 Introduction

During the past years a considerable
effort has been devoted towards understand
ing the ignition mechanism of a condenszd

ata

materjal. A large amount of data has been
gathered experimentally and several theo-~
ries have been proposed to interpret these
data. Unfortunately, however, ignition is
a very complex phenomenon and many differcnt
physical and chemical processes are involvesd
during an ignition experiment. The analvt-
ica)l tools available are not suited to
tackle the complete problem and several
simplifications have to be introduced. 1In
addition, some of the physical and chemi-
cal parameters involved in the ignition
event are not known in a given experimen-
tal setup and this prevents meaningful
comparisons with e *imental data. Actual
ly, these data are coften used to derive
the unknown parameters, thereby obtaining
good agreemsnrt with those particular data.

At the present time, no consensus
exists as to the location of the reaction
responsible for ignition. In fact, one of
the main objectives of both theoreticians
and experimentalists working on ignition
research has been to elucidate where for
a class of propellants ignition takes
place. To achieve this goal it is neces-
sary to develop analysis with t
sumptions but differing only on the loca-
tion of the key reaction leading to igni-
tion. It appears that approximate anal-
yses yield a better understanding of the
phenomenon under study than a large amount
of numerical results, although the accura-
cy of the latter for a given set of para-
meters is superior to that of the approxi-
mate methods. However, asymptotic tech-
niques have been developed to a point such
that while possessing good accuracy they
still can retain as general assumptions a
those used in the usual numerical anal-
yses. These assumptions should be as real
istic as possible and yet simple enough tc
be trcatable by asymptotic techniques,and
furthermore they should he amenable to be
exverimentally reproduced.

ne same as-




The results of these asymptotic arn
yses should be checked with good numer

ical
Sol tiens and then an experir ,reproducing
as closely as possible the a: "p{ff' £
the analyses should be ne to -
tain not ounly the ignit but 3 1Y
siyniffc.r' varialbles (suc pe re
and mass fractiocas profiles) as 'o‘~ .
Only then meaningful experimental compari
sons will be possible in trying to ascer-
tain the location of the reaction producing

ignition.

The ignition even:- ith the ap-
pli‘Jtio of a stimulus hances the
gasification of the mate and a selfac-
celeratory exothermic i process.
Asyanptotic analyses ha rried out

ulus, name-
energy ab-
c ering that
phase*, heterogeneous
or ga%-phascav“ss exothermic reaction is
responsible for ignition. We are develop-
ing similar analyses for an ignition stim-
ulus consisting in the iastantaneous con-
tact of the condensed material with a hot
gas. Tais ignition stimulus can be repro-
duced experimentally by reflecting a shock
wave on a condensed material located at the
end of a shock tube Interest in studying
this particular type of ignition stems fro"
the considerable amount of existing experi
ments®-12 numer'Cdl requts"-17 and ap-
proximate analysesS,1! »19 that will fa-
cilitate the task of derlv;ag conclusions
regarding the ignition mechanism in a par-
ticular material. We have carried out re-
cently asymptotic analyses for large acti-
vation energies of the heterogeneous?? and
condensed phace?! shock-tube ignition,with
the idea of generating simple analytical
scriptions of the ignition process, and
the present paper is a first step in a
parallel study of gas- ghase ignition. As
po:n~cd out previously?,gas-phase ignition
theory is more comlecated than either the
heterogeneous or condensed phase theories,
since it is necessary to consider two dif-
ferent chemical processes; gasification and
ignition. The ignition event will be con-
trolled by either of these sequential proc
esses depending on their relative rates. 5
The analysis of the gasification process
reveals several interecting features which
makes it advantageous to present separate-
ly such an analysis, to be followed by the
study of the gas phase ignition process.

assuming the same ij t
ly a constant flux of radian
sorbed it the sur b

either a condense

The gasification reaction may be consid

ered as a rate process or as an equilibrium
prccess. Us ually equilibrium will be main
tained only in the case of liquids. The
analysis in the main text assumes a rate
proccss described by a zero order endother
mic Arrhenius rate law. However in an ap-
pendix we develop a parallel analysis for
the equilibrium case, when the Clasius-Cla
peyron equation is used to re¢late the sur-
face mass fraction of gasified liquid to
the surface temperature.

In the analysis we take into account

the convective effects due to the flow re-
ting from the p;ﬁi‘iﬂutfon >f the con-
d d material, togecther with the unstead
effects of heat cornduc .lon in the solid
and diffusion in the gas phase.
ation equations are solved by
asymptotic techniques based on the rr;)f:!“
assumption that \h- dimensional activa-
tion-energy of the g ication reaction,
or ratio of activation temperature to the
solid initial temperature, is large com
pared to unity. 1In the context of this
asvmptotic analysis an integral equation is
ose solution yields the surface
tamperature as a function of time; the sur
face temperature rises instantaneously at.
t=0 to a jump value, and then dccreascs
slowly as a result of the endothermic gasi
ation process which in addition blows
the hot gases away from the solid surface
thus reducing the heat conduction flux.
Asymptotic expressions giving the tempera-
ture and mass fraction profiles for csmall
and large values of time are also given in
the paper.,

and

f e D

o

1T Formulation

We consider the case in which a con-
densed material at a temperature T,, occu-
pies the half space x <0. At time zero the
temperature of the adiacent stagnant gas
that occup the half space x >0 ds sud-
denly raised to a high value .?U to pro-
duce a corrvesponding rise in surface te
rature, and thereby enhance a gasificati
reaction at the surface. Figure 1 chows
the process < unted for in this study.
As stated ntroduction, osnly gasi-
fication w analyzed here and there-
fore the gacec phase will be considered

SOLID ] GAS

UNIFORM INITIAL TEMPERATURE UHIFORM INITIAL TEHPERATLR
To Yoo

4 =— ENDOTHERMIC GASIFICATION
-pBexpl-E/RI)

~w—= OXIDIZE®: DIFFUSION
== FUEL D!F FUSION
HEAT CONDUCTION =——4 -—= HEA] CONDUCTION

CONVECTION OF COLD MATERW ——=] —~ CONVECTION E'OWING AWAY
4 HOT GASES

Fig.1 Schematic representation of the

gasification process

as inert. For convenience, the origin x=J
is maintained at the surface of the rvre-
gressing material and the mass coordinate
¢ is introduced in analyzing the gas phase

We will use the well justificd assump-
tions that the pressure is constant and
that the eoffect of exiernal forces and
viscous stresses are negligible. We use
Fick's law to calculate the diffusion ve-




iocities and consider the specific heats to
be constant in each phase. It is also as-
sumed that the density and thermal conduc-
tivity in the condensed phase as well as
their product irn the gas phase are constant.
Under these conditions the conservation
equations for energy in the solid and gas
phases, and species conservation equations
for oxidizer and fuel, are respectively

a1 3T 3 aT
be 3t * PVC Iy T ax (5 ()
o1, Wy .4 T
ETE TP TR T R (o2 3 (2)
ay ay ay
3 F__??_ Oy e
3¢ T P 5y " 9% [Dng 3y ) (3)

An equation identical tc (3) exists for
the oxidizer mass fraction Y, , except that
the oxidizer diffusivity D o Should repiace
Dg' The initial and boundary conditions
are

T(o,x)=7(t,—w)=TO 5 Tg(o,w\=Tg(t,m)=Tgo .

T(t,0) = Tg(t,O) (u)

p(0,0)=Yp(t,2)=0, Y (0,9)=¥ (t,@) Y, (5)

aT
3T g r \
a £2 roo—Bl oy {(c,- 3 )
A 5 *ogty 5y ) ov (e o) (s T]J+I] (6)
; ¥,
Py, = PRV Tl (7)
ay
B e g
pv (¥ -1) P20 33 ,s (8)

where all the symbols are defined in the
nomenclature. The surface regression rate
v is given by

v = Bexp(-E/RTs) (9)

and L is the heat of gasification referred
to the "jump" temperature T4, which is the
one established at the surface immediately
after the application of the hot gases. In
absence of gasification the surface tempe-
rature remains fixed at its "jump" value

iy
T) 5 (10)

L el ( T+T

b g -
go

In the analysis that follows, the quan
tity p,Ag is taken as constant, and its i
value is chosen in such a way that the
correct "jump" temperature (with arbitrary
dependence of p_p, on temperature) calcu-
lated in reference 20 is rccovered, when
the inert problem is solved in the assump-
tion of constant thermal propertics.

Introducing ‘the nondimensional varia-
bles

T-T fges=l
1 g 1
0 = —— A 9 T e——— (11)
T =
Tgo T, £ TSO Ty
pv n
L 1 T A
- —~ e —— in the gas phase
-T A 14T
go 1 Pglg
pv. L
= :T \[ xoz ~ —{F x in the solid
“go 1 pg ‘g phase
(pv,)? 2
" L 2 1 I.a%
% = ) ot
go 1 g 88

vhere Vg o= Bexp(-E/R
for Ts = 'I‘1 , equati

T1) is the value of v
ons (1)-(8) become

36 v 230 320
22 a1+l L 22 = o (14)
9T v, 3% E?
38 i e 108 329

5 o ettt Mo, A T (15)
3T r vy 3E 32
& 1er v Yp 1 3%
e R e N e el (16)
9T i vi 9 1€ 352

8(0,£) = 6(1,») =-T ,

0(+,0) = 8

YF(O,£)=YF(T,w)=O ’

20 20,
—| +7T (1+T)
At s X3 5
+
Yochur -

(Yp ~1)Lear

0 =9 =)= 1
eg( s &) g(t )

g(r,O) (17)
Y U0 I=Y Cryo) m Y,
(18)

L+(r_-7.) (c_-¢)

g ; £ L. (19)

Y
Y
—‘L-’B—L—O (20)
vi s
oY,

L . (21)

where v/v, = cxp(-E/RTs+E/RT1].

An equatinn iden

tical to (16) defines

the oxidizer mass-fraction Yo , provided

that the Lewis numbe

r for the oxidizer Lc”

is used instead of Le.

I11. Surface Tempera

ture and Regression

Rate History.

At small times t
ents at the surface

he temperature gradi-
are large and there-

fore the energy abscorbed by the gasifica-
tion reaction is negligible compared to

the energy transponrt

by conduction from

the gas phase to the condensed phase. Upcn




contact with the het gases the surface tem
perature will be instantancously raised to
2 jump value corresponding to zero gasifi-
cation rate but, subsequently,gasification
introduces two effects that cause the sur-
face temperature¢ and the regression rate
to decrease with time. VFirst, a fraction
of the energy coming from the gas phase is
absorbed by the pasification reaction, so
that the surface temperature can not be
maintained at its jump wvalue. Second, the
convective flow resulting from the con-
densed phase gasification blows the hot
gas away from the surface and brings cold
material towards the surface, thereby re-
ducing the surface temperature and the re-
gression rate.

We shall aralyze first the period of
time when the surface vegression rate is
reduced by a factor of order unity from its
“initial" value corresponding to the jump
temperature T4. For large values of the
non-dimensional activation energy E/RTq ,
small increments in the surface temperature
of the order RT?/E produce a change in the
gasification rate by a factor e . For those
early times the corresponding deviations
of 6 and 0g from their inert values

Oy = ~0 /T = erfi£/2/7) (22)

are small, cf order ﬁTi/{E(T o_Tl)}’ 50
that it is convenient to describe this ear
ly pericd in terms of the non-dimensional
variables

= - = - \ (
X 8(01 GYAES Xg 8(6Ia Og)/l (23)

¥ = BYpf ar(lfr)/EZ] : (24)
o = B2y /r? ’ 2z = BE/T (25)

where

"

8 = e(T,-1 )/RT} (26)

is a non-dimensional activation energy.

The new non-dimensional time o and fuel
mass fraction y have been defined so that
they are of order unity during this period.
The analysis that follows is based on the
assumption that the parameter B is large
compared to unity which is equivalent to
require that the gasification rate at the
jump temperature be much faster than the
gasification rate at the initial tempera-
ture. Thus, it is necessary to assume that
B is large in order to have a physically
realistic problem in which a non reacting
condensed material is suddenly broupght to
vigorous gasification upon contact with hot
gases. The ratio of thermal responsivities
I is usually small, but it may become of
order unity for large values of pressure
or T s * since it is proportional to the
square root of p_A_ . Thus, the parameter
B/T is at least of order B .

Intreducing the non-dimensional variz
bles (23)-1(2%) and taking the linit £ +» =
equations (14)-(21) simplify to:

2

DX B et BLCE LS cpe (27)
ac 322 Vio 2 4o Xs)
~ 2
AYA I 3_¥ = 0 (28)
30 Le 622
¥(052) = y(og,») = y(0,2) = y(o,») =0
x(o,0) = xg(o,O) (29)
Ay axul
= T by ——;—“‘ S (14r)0:-;[:(-xs) (310)
(A s dl}q
J
a‘% : = - VLe exp(-xg) (31)

Thelfactontexp (- ) = /v, dccount
the reduction of gasification rate with
temperature.

The parcmeter P appearing in ec tion

(27) for the case of condensed phase tempe
rature x equals al(1+T). The equation for
the gas phace temperature x, is ideantical

to Eq.{27) with P replaced by or(1+T)/TI.

Only the gradient of the inert tempe-
rature appears in the eflfect of convection
given by the right-hand side of Fq (27),
and no convective effects appear in Eq (28)
describing the mass fractions. It should
also be observed that in the limit £ - =
the equations and boundary conditions de-
scribing the temperature distribution are
uncoupled from those describing mass frac-
tion. Green functions may be used to
write the solution to equations (27), (29)

and (30) as

o exp(-x!) =
xloy2) = §~ I —_—— J exp(-z'2/4g') x
T % Yo'(5-0" o

X GCzyas 2,0 Ydz'do" +

o exp[}2?/”(0~a'ﬂ

ax'|

+ f Se—— (— 2 )du' (32)
0 /i(o-0") e Is

where

Glzs0 2l0") = exp[} (z—?')?/N{u»n'ﬂ 4

—~

+ oxp[- z+z‘)2/N(o-o‘ﬂ (33)

Evaluating equation (32) at the sur-
face and using equation (30) an integral




¢quation defining Xg is obtained, viz.,
i 0 exp(-x'!)
X = === fienplaywt idalt bl e o dgit
S vYao o 2 o Yw(ag-¢")
(34)

This equation describes the evolution with
time of the surface temperature as a func-
tion of the unique parameter A& = afl{r+l) ,
which is a measure of the cooling effect of
the gasification flow. The second term in
the right hand side of equation (34) ac-
counts for the heat absorbed by the endo-
thermic gasification and will be the only
one appearing if the convective effects
were neglected.

From equations
integral

(28), (29) and (31) an
equation may be derived relating

the surface mass fraction to time, viz.,
o exp(-x!')
¢t 2 4 (35)
O VHo-0')

This equation can alsc be used to calcu
late the surface valuve of the oxidizer mass
fraction, 1f we use 1 -Y /Y instead of

tp in the definition of y (Eq.24). It is
observed that the mass fractions at the

surface are proportional to the second term
in the right hand side of (34) associated
with the gasification reaction, since in
the limit B+~ , the convective effects
are negiigible,

Er—r

a3 A i 58 3 1 S e S

(1| o e T I T O S S I R S S ]

107 0! f ¢ 167 10° 10°

Surface temperature xb=(T1-TS)E/RT§
as a function of time o , and A

A finite difference version of equa-
tions (34) and (35) has been numerically
integrated through a procedure paralleling
that used in reference 1. The results of
such an integration are shown in figures
(2) and (3) for several values of A . The
non~-dimensional regression rate v/v] =
= exp(-xs) is plotted in figuve (4).
ratz is maximum at the time of contact
with the hot gas and continuously de-
creases towards zero afterwards.

This

o
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Fig.3 The function y (o,A) describing
surface wass fraction history.
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For largze values of A , the character-
istic non-dimensional time is 04 = A2 .,
Introducing this new variable in equation
{34) and taking the limit A+ ., the last
term of Eq.(34) disappears and the follow-
ing differentidl equation is derived

ji? = iifi:iil - liu (36)
deat 3 S 20 g

A Runge-Kutta procedure was used to solve
euqation (36). The dashed curve in figure
(2) represents Xg as a function of a fav
A =10 cbtained from equation (36),showing
as expected, differences of order 1/4 with
the exact solution. This curve and the
definition of 0, may be used to obtain
xr(aj) . In this limit, the convective ef
fec appearing in equation (27) has to be
retained, but the right hand side of equa-
tiou (30) associated with the heat absorbed
by gasification, is negligible,

Since one ot

the potentital uses of the




present
to gas 9
to obkserve ‘
conditions, the present analysis can be
easily generalized to account for fast gas
phase reacctions and even to describe the
ignition event. Mamely, if the fuel reacts
immediately after gasification with the
ambient oxidizer, the heat releaced by this
exothermic reaction shcvld be subtracted
from the heat absorbed by the gasification
reaction L. It is not difricult to show
that in this case Yp =0 in the gas phase

study stems from its application

N

r
! W

ase ignition, it i{s interesting

that under certain particular

<

h
v
n

and the ratio (YON-YO)/(YOezv), where v is
the mass stoichiometric ratio oxidizer/fuel,
satisfies Eq (3) and the same initial and
boundary condition than the fuzl mass frac
tion in the non-reactive case. In partic-
ular if the net value of L is positive
Fig.3 giving yq(o), can be used to calcu-
OS)/(YOm+v)=

The analysis ceases to

=

late Y. (o) if we write (Y, -Y
Os i Qo
= ysap(lf')/le/ﬁ.

be valid if the resulting value Y becomes

Os
negative, when the reaction zon® moves

away from the surface.

For sufficiently cxothurniJ rcactions
the net value of L is negative; under
these conditions, A is negative and the sur
face temperature satisfies Eq .(234) if its
left hand side is replaced by (-xg). This
equation has bezn numerically integrated
in reference 20,tc generate ¢, as a func
tion of A. It is obscrved that ignition
occurs only for values of -A <2, in which
case -y, is positive and grows to infinite

at a finite time o, (A).
ign

IV. Temperature and Concentration Profiles

The temperature and concentration pro-
files can be calculated, in principle, by
usiag Eq.(32) in terms of the calculated
surface temperature history. Hcwever, we
shall instecad, derive expansions for the
temperature and concentracion profiles for
small and large values of the non-dimension
al time o. In these expansions the non-di
mensional distance z to the solid surface
is scaled with the characteristic thick-
ness of the heat conduction layer 2/5 to
produce the similarity variable n = z/2/0
for small and large times. VWe shall later
use these expansions to pgenerate approxi-
mate expressionc that can be used to calcu
late the surface temperature for all times.

For small values of o the factor
exP(“Xs) in Eq.(27), accounting for the
change in regression velocity with changes
in surface temperature, can be writter e-
qual to 1 and, in addition, the heat of
gasification in Eq.(30) zan be neglected;
the resulting system of equationsbhas a sim
ilarity solution of the form y = ufo(n);
where

s = [(Qf&)//;]exp(-nz)0(P-2-A)nerfcn (37)

In order to olktain a more accurate expres-
sion of x for small ¢ we can use the expan
sion

X = /;fo + of, + --- (38)

which, when substituted in Eqs.(27), (29)
ard (30), previously written in terms of
the variables o and n leads to a system of
eguations, with solutions given by Egs.(37)
and

r u(u?)(v-m:l[erm
- iy — 3 P 2 ~
f1 L 2-4 i 5 + nlerfcn
ok ]
ii’iﬁu—lj - 2L (gs2)empl-n2)  (39)
/; v

where P equals al'(14T) in the condensed
phase and ar(1+I')/T in the gas phase.

Thus, for early times the surface tem-
perature is given by

e =\/E?. (?fA)—U[l 4 % + % (A+2‘)] + ---40)

Ti

This expansion can ealso be derivcd directly
from equation (34). It is plotted for com
parison with the exact solution in fig-

ure (2) for the case A = 0. Similarly,the
early times mass fraction profiles are
given ty

u2)

y = 2Va | £ —— - yperfc(yp)

xp(-
v

~o(2+8) [ueric(y) -~ - exp(-p?) +
[ o

2£%§L£l] + --- : (41)

where 3 = n/ﬂg.

For large o the surface value Xe of
is large and it becomes a slowly varying
function of o If Eqs. (27) and (28) are
written in terms of the similarity varia-
bie n and ¢ , the time derivetive term in
the equations can be neglected in first ap
proximation for large times, and the tempe
rature and concentration profiles take a
quasi-similarity form. A more accurate rep
resentaticn of the temperature and concen-
tration profiles can be obtained as expar-
sions of ¥ , x. 2nd y in decrecasing powers
of x4 times functions of the variable n .
Thus when the expansion

X = xs(c)Fo(n) P ?1(n) + (l/xs)Y?(n) $ ===
(42)

and a similar expansion in powers of x
for Xg are introduced in FEq.(30), the




relation
a a
M__ngm_y =@, + i + f; + --- 4 3)
xgexplxg EER R T
is cbtained, where
Btlo) + UF! (o)
a o B (uw)
i 201+1)

and the subscript g indicates gas phase
variable. Wnen Eqs(27) and (292) are also
written in terms of n and Xis and x and X,
are substituted by their expansion (42) we
obtain, by collecting like powers of Xgo @
system of equations with the sclutions’

Fo = erfc(n) + 3$ ao[éxp(—n?)—crfc(nﬂ (45)

m
: 2Pa
Py = [E(-Etereren] [1 - 7;:} .
+ %% (al-ac)[}xp(—nz)—erfC(nﬂ (46)

where the function g(x) is the solution of
the equation

g"+2xg" = 2erfc(x) , glo)= 0 , g'(o)=1 (47)

~N

shown with a dashed line in figure (5).
We notice fer future vreference that
g(=) = 1.58.

The expression for —F2 is identical to
that of Py with a4 replaced by -a,. Equa-
tion (44%) can now be used to calculate the
unknown parameters a; thereby obtaiuing

a, = /u/(x+28) (48)

- =2
%—})} {1+ Z'A 19)

"
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The asymptotic expansion in Eq.(43)
can be used to calculate xs(o) for large
times. The relation obtained when using
the first three terms of the expansion has
been plotted in figure 2, for A = 0 , to
show the range of values of o when it is
an accurate representation of the exact.
solution.

A similar procedure yields the long
time mass fraction profiles, written here
in terms of the similarity variable p=n/Le

y = haao/;erfc(u) + {aol?[g(q)..g<nﬂ +

/vTao 1
+ fufay + —5)erfelud}(1- —x'—s—)f “e= (50)

It is observed that the mass fraciion pro-
€iles depend only on the parameter A.

Fquations (40) and (43) may be used to
derive an approximate form of the relation
ol ) valid for all times.

s

o = azxioxpf?xs) (51)
where
1 s
2&1 ?hj af
3 5 —— 3 b = - - — (£627)
a, a, a2
o
bf - 2gb + ag - aag
d?_ = d(: = = T o (53)
(elifie) el el —’---,—]
a[ g a i a aat-
o
aa? + baz a gb/a
dy = d1 - d“a = y ;f- = (54)
a[f-?g-—ﬁ, Bo , & ]
) a a aa2d
2(1+444/3
. mZQ1+84/3w) . g = n/(2+4A)2 G55)

(2+4)3

Expression (51) when expanded for large
06 5, reprocduces the first three terms of
equation (43), and when expanded for small
o , reproduces the correct expansion up to
terms of order xg . The approximate rela-
tion (51) when drawn in figure (2) can not
be distinguisted from the exact solution

obtaired numerically.

Since the objective of the present
study is the analysis of the gasification
process in erder to develop a follow up
investigaticn of gas phase ignition, we
are specially interested in obtaining tem-
perature and mass fraction profiles in the
gas phase.

Equations (38) and (41) valiid for small
values of time and equations (42) and (50)
valid fcr long times will permit the analy-
sis of early ignitions (very rcactive gas
phase) and late ignitions, thereby covering
both limiting behaviours.

In figure (5) profiles of temperature
deviations x , x_  from the inert or non-
gasification values and the non-dimensional
mass fracticn y are shown as a function
of n for different values of ¢ . We have
only shown the case o« = 0 4 Le = 1 , for
which the equations and boundary conditions
defining x , X. >, and y <coincide. Using
figure (5) and equations (22), (23), it is
easy to derive the tcemperature profiles
for a given 8/T .

Notice that the fuel nass fraction
does not becoma of order unity until very
long times when x becomes of order B , so
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Fig.5 Temperature and mass fraction
profil ¥ & = 0 5 he = 1.
so that
(Ti.':)AIJ—To) (56)
38 of o y, and the solution given
by Egqs., (4. ind (50) is no longer wvalid.

To obtain the solution of the system of
Eqs.(14)-(21) for those large values of
time, we write the system in terms of the
variables n = 5/2/7 and t , and notice
that the time derivative terms are of or-
der 1/8 relative to the remaining terms.
Thus, in first approximation we can use
the quasi-similarity ascumption as we did
when founding the soluvion of the system
of Eqs.(27)-(30) for large o.

The resulting system of ordinary dif-
ferential equations can be solved to yield

(er-e)/r = Aerfc(n+ul/r) + erfen (57"
(OI -8 ) = Berfe(n-u) -erfen (58)
£ E
where
ul/{ra(1em)/} = viv, . (59)
D = expl- it - b 5
v/ivy = expl-88_/[1+4,Q1 T, /130) (60)

aud the constant A and B are given by the
equations

¢, = Aerfc(lu/r)+1c= {Pevrfel-u)-1}/T (61)

texp{-(Tu/p)?} + Bexp(-u?) =
= »/;u{l-46('1‘1—"_')(c.?—c')/l,}/'u' (£2)

obtained from the boundary conditions in
Egs.(17) and (19).

Eqs.(61) and (62) give A, B and ¢ ex-
& 3 P
s
plicitely in terms of u, while Eq.(5%)
gives 1(u). Thus, we have an explicit
parametric representation of the relation
¢s(v) involving the parameter u. Since u
is

of order unity when 2 is of order uni-
ty, an explicit relation giving 15(1),w5th
errors of order 1/8 , cen be obtained by
writing wu=41 in Eg.(59).

The fuel mass fraction is given by

., = Te
) s.ifiiﬂ_ﬁllpzl (63)
i 1+erf(u/Le)

where YFS is determined by
Yo, = exp(-u®ie) fBu]
Par = B = (64)

ilie 1+erf(udle)
obtained from the boundary conditicn in
Eq.(21). A similar equaticn is obtzi:
to describe the cxidizer mags fraction by
aci N a Y , =N v - 3
;esluﬁ;ng Y nnd‘:..lb} 1 ‘O/AD@, and
Y5,/ Ygw FeSFectively.

V. Conmclusions

The time evolution of the temperature
and mass fractions at the surface of a c¢
densed material thst gasifies according to
an endothermic Avrrhenius decomposition re-
action after being exposed to a hot gas,
has been described analytically by means
of asymptotic techniques.

Upon contact with the hot gas, the sur
face temperature is raised to an interme-
diate "jump" value equal to the one exist-
ing in absence of gasification. Gasifica-
tion however, causes the surface tempera-
ture to decrease with time, since part of
the energy coming from the hot gas is ab-
sorbed by the endothermic reaction aud, in
addition, because the gesificaticn flow
brings cold material towards the surface
and blows the hot gases away. During an
early period in which the decreasing sur-
face regression rate is still of the ordern
of its initial valus at the jump tempera-
ture, the Arrhenius exponent can be line-
arized around the jump temperature T1 and
only the gradient of the non-gasification
temperature profile enters the convective
effects. £As a vesult of these simplifica-
tions, the surface temperature history can
be described by the solution of an inte-
pral equation giving Xg !(TI-TS)RTi in




terms of a non-dimensional time o and a
single parameter A measuring the convective
effects; this is represented in Fig.2. The
surface value of the fluid mass fracticn
is given in Fig.3. Closed form expres-
sions of the temperature and concentration
profiles are also given in the form of ex-
pansions for small and large values of o .

When the variable x_ becomes large of
order B , the complete convective terms
have to be retained and the exact form of
the Arrhenius exponent has to be used.
However, for those large times a quasi-
similar solution exist when the distance
to the surface is scaled by 2/t , so that
explicit expressions have been obtained
for the temperature and concentration pro-
files in terms of the similarity variable
n and a function u of time given by Eq.
(59,

We consider in an Appendix the case
when the gasification is assumed to obey
an equilibrium Clasius-Clapeyron condition
instead of the regression rate law of Eq.
(9). The temperature and mass fraction
profiles are described in terms of a sim-
ilarity solution valid for all times,

involving the similarity variable n = E/2/7T.
The surface temperature does not change
with time after jumping at T = 0 to a val-

ue determined by gasification effects. The
regression rate is found to vary as 1/Y1 .

This work has been partially sponsored
by the Air Force Office of Scientific Re-
search, through the European Oftftice of
Aerospace Research under Contract No. 73-
2535.
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~Appendix

In this appendix we present an anal-
sis of the cases when phase equilibrium
maintained during the gasification proc
s. In practice the equilibrium analysis
11 be usu2lly applicable to the case of
iquid fuels arnd the rate process analysis
11 be better suited for the case of
l1id propellants, plastics and other sol-
naterials.
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The Clasius-Clapevron equation relates
the suvrface mass fraction to the surface
temperature through

LaT
T RT2

(A1)

where we have made the non-essential assump
tion that the molecular weights of the gas
eous species are equal. If in addition L
changes slowly in the range of integration,
then

Vet exp[L/RTB— L/ETS] (~2)

Equation (1)-(&) remain valid, but equa-
tion (6) is replaced by

3T LD p2 3y
% 3Ll = 5 T%l A, _a_'% (A3)
Xlg &8 s Yp -1

This problem is simpler than the one
in the main text since It admits a similar
ity solution valid for 2ll times. It turns
out that the regression velocity varies
with time as 1/Y1 and the temperature and
concentration profiies tecome tiame inde-
pendent if described in terms of the simi-
larity varizble n = 5/2/;. Introducing

3Y./an| T -

VB e __J_"‘. 2\ fusln 5w (AW)
g -l
2LeZYFS 1y o{xg

5

the solution to equations (1)-(8) is

10

T ——— \

RN
— A Clcplc (n + %¥) (A5
go o
e 0
_E:_......g = - 2 - &)
o 1 C?(rfc(n V) (AE)
go o
erfc[}n—V)#Le]
S (A7)
Yp = ¥y, —————————
% erfc(-v/Le)
and the boundary conditions, yield
exp(-V2Le) E
¥ =14 3 P 2 (48)
3 V/7iLe erfc(-V/Le)
it
;§ —mo = C,crfc(zl) z 1= CQerfc(~V) =
.83 Ao 4 r

~v2
le v Jerfc(-V)- VIVu/ra'

D
re”’ lerfe(-V)texp{-(TV/r)2}/erfc(Iv/r)

(A3)

where

(A10)

From equation (A9), the value of T T2
is obtained as a function of V for fixed
values of a',r,I' . Equation (A2) is then

I’
used to deduce TB/To as a Ffunction of a’,

RESSRE ety L/RTo s and T 0/'l'o. Once this
curve is known, the value of V for the
given T, is calculated, and therefore the
value of 'T'S/T0 can be deduced from equa-

tion (A9). By this procedure the tempera-
ture ané mass fraction distribution are
known fcr all time.

Since the solution to the gasification
problem involves several parameters, there
by possessing many interesting limiting
behaviours whose analysis will considera-
bly lengthen the present paper, a para-
metric study of gasification under equili
rium conditions is postponed to a subse-
quent publication.
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